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2.1 Radial Laplacian in D-dimensions

Write the radial Laplacian in D-dimensions in a form where its self-adjoint property
(hermiticity)
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is very transparent. Henceforth this will be your faviorite way to write the radial Laplacian.
Check that the point charge potential, in D-dimensions, we used without proof in lecture
satisfies Laplace’s equation for r > 0.

The radial Laplacian in D-dimensions is given by
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Writing the Laplacian in this form, self-adjointness of the radial Laplacian amounts
to usual integration by parts for acting differential on the other function:
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In the above computation, I ignored the boundary terms when I did integration by part.
You can think about this as conditions on functions f, g that need to satisfy.

Using this form, it is easy to verify that a point-charge potential is satisfying the
radial Laplace equation (except at the origin which there is a delta-function):
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2.2 FElectrostatic energy of a uniformly charges, quadrupolar deformed, fluid drop
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This is a variant of the calculation done in lecture (Rayleigh’s instability) where instead
of all the charge being on the surface (conducting fluid), the fluid has a fixed uniform charge
density. The point of the exercise is learning to work with an expansion in a small parameter
- the amplitude of the deformation, e.

The drop has radius

7(0) = a + ePy(cos ) + O(e)

and is comprised of fluid with charge density pg. Your taski is to show that
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is the change in the electrostatic energy to leading order in the deformation. Here
Q = 4mapg/3 is the net charge. Note that this expression is the same as the conducting
fluid case with the replacement 1/10 — 3/25.
We strongly recommend you to do this problem in two steps. Step 1 looks at the long-
range effects on the electrostatic energy, where the change to the charge distribution is
approximated by a modulated surface charge distribution applied to a spherical drop. In step
2 you calculate the local energy change when the surface charge density of step 1 is converted
to a uniform density, a thin layer either added to, or subtracted from, the spherical surface.

1. To a spherical drop of radius a apply the surface charge density

o(0) = (r(0) — a)po = epoPa(cosh)

Find the corresponding change d® to the potential and compute the resulting energy
change 6U;.

2. Show that when the surface charge density of step 1 is converted to an added or sub-
tracted (depending on the sign of o) layer of charge density pg, the resulting change in
the electric field is confined to a thin layer. Calculate the change in the energy using
the energy density £2/87. Show that this local energy change is always negative and
can be written as the following integral over the drop surface:
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6Uy = — o2(0)dA.

3. Evaluate 6Usz and obtain the total energy change dU = §U; + dUs.

1. First solution:

(a) Step 1
For a surface charge denisty given by o(0) = epoPa(cosf) , we’ll find the
potential. Note that this is the charge density obtained shown in figure 1.
In order to do so, we will use the expansion of the potential in spherical




coordinates. As usual we separate the regions to inside and outside and use
different functions for each region.
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We know that potential should be continuous and it’s derivative on two side,

proportional to electric field, should produce the charge density o(f).
Continuity implies
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dp in space, found by the overlap between original sphere and

squished sphere. Volume is constant, so dp(7) contains both positive and
negative charges.

Figure 1:
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Now applying discontinuity of electric field, we find:
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By using orthogonality of Legendre polynomials A; = 4—’;:"—051,2. Thus, we find
the potential as
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Using this potential expression, we find energy difference due to this potential:
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(b) Step 2
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Figure 2: Using superposition for computing the potential energy. The

squished sphere can be thought as sum of the right hand side charge config-
urations.

From the hint is problem, one can infer that you’re asked to solve the problem
as it is shown in figure 2. The energy is given by
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Where integrals are done over all the space. What we did in step 1, was really
computing the first term, self-energy of o with itself. Here is a trickey part:
when you consider superposition of second charges in figure 2, the result for
electric field is the electric field due to perfect sphere, and 6 E which has
support only in small range of dr. This is a dipole term which is very similar
to electric field inside a capacitor. This contribution is shown in figure 3, and
using Gauss law 0 F is given by’
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Figure 3: zooming into contant angle part of surface charge density ¢ and

po stretched from a to a + 0(r(6))

Interestingly, we don’t need to compute E;-Es since i dV E;-E, is zero (verify
this!), and contribution inside the capacitor is third order in dr. The reason
is F4 is already first order in dr, the electric field inside the capacitor is also
first order in ér and the domain we’re integrating is also first order in dér, so

we don’t need to compute this cross term FEy - Fo.
As a result, we need to only compute Es - Fs:
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By computing this integral, we find:
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Sum of two terms yield
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2. Second solution:
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This solution is more mathematical and precise. We’ll keep track of all the terms
to second order in €. Also I'm keeping § R general function of 6, ¢ for most of this
solution in order to easily generalize it to one of the application of this question
which is about oblateness of Earth.

The potential energy for a given arbitrary charge distribution, denoted by p(r) is
given by:

U= 1/Wd3fd3f’ (2.13)
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Domain of integrals are the whole space R?. All the information regarding where
the charges are located is implicit inside the function p(7). For a sphere with radius

R:

i ={r s (2.14)

Now we’re deforming the sphere. That means the function p(7) has changed slightly
and we’d like to calculate corresponding change in the potential energy to leading
order in €:
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Where I swapped 7 <+ 7’ in the third term and hence, second term multiplied by
two.

Note above equation is true for any variation of dp, whether it’s small or large.
When variation is small, we typically expect to keep only the second term. How-
ever, here first order term in € won’t change the potential energy which can be
seen by either explicit calculation or the expectation that sphere has the minimum
electric potential energy when it has uniform density, so we really need to keep
track of terms to second order. Now let’s write the new density function:
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Here I assumed the boundary of object is determined by r = a + 0 R(7), where 7 is
a symbol for (0, ).

In this problem, we're keeping d R(7) at most to second order in e. To first order




in this probelm, dR = ePa(cosf). To second order, demanding the same volume
for new shape of object, we have:
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Where [dQ = [ f027r sin dfd¢ is integral over solid angles. We omitted third
order term JR? in volume since it is enough to keep the answer to second order.

Let’s compute 6Us. dUs can be computed in two different ways:
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where d®(7) is the potential generated by dp(7). ®(7) is the potential of old charge
configuration which was a perfect sphere and given by:
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I used the second way of computing U7, which is done by considering old potential
at the location of new charge distribution. The first way should be doable as well.
Note that 0 R(7) is positive and negative depending (look at figure 1) on the solid
angle 7 since volume should be conserved. So we need to use different forms of
function, written explicitly above as the potential when we’re evaluating it on the
locations of dp(7). Moreover, [dpd®r is at least first order in §R, so when
we’re trying to compute dUs to second order, we need to find the potential at
most to first order. Electric field is continuous at »r = R and that means we
don’t really need to seperate domain of integration to r > a and r < a and use
different functions for the potential. Thus, we used 4““ as the potential function,
evaluated in the location of new charges §p. This is a trlcky point regarding using
perturbation theory, so it’s a good time to pause and make sure this makes sense
to you. Having said that,
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where T used (2.17) in above equation. This way of writing it is useful since in the
final form, we only need to know §R to first order in small parameter e¢. For this
problem, dR = ePy(cos ) + O(€?),
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Now let’s evaluate the dU;. This is equal to work that we need to do in order to
bring all dp charges to their current locations from infinity. In other words, this is
self energy of §p. For dUy, we need to know dp to first order and it is enough to
compute ﬁ to zero order:
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Where I used [ Py(cos8)Yy, (0, ¢)dQ = 8,001,001/ % and spherical harmonic ad-
dition theorem.
Combining these, we have:
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3. Application: Oblateness of Earth One application of this problem is to de-
termine how oblate Earth is: When Earth was almost in liquid phase, one can
consider it as an almost spherical gravitating object, and gravitational potential
energy is obtained by exactly the same technique we used in this problem. So
its shape can be inferred by minimizing its potential energy. However, because of
Earth’s rotation, we need to include the rotational energy as well.

If we expand change in radius in terms of spherical harmonics

) = Zalelm (2.24)
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Gravitational potential energy is sum of U7 and §Us followed as
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ago to first order is zero due to (2.17). Also aj,,’s are not appeared in §U since
to first order they’re corresponding to rigid translations of object and by choosing
center of mass reference frame we can set them to zero. As it is written, the change
in potential is positive for any ay,,, so in the absence of potential energy, we should
set all to zero. However, centrifugal force makes asg non-zero as we calculate it
now. For a particle with mass dm, moving with angular frequency w with distance
s from the axis of rotation
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Unlike gravitational potential energy that we need to compute it to second order,

it is enough to evaluate rotational energy to the first order. Therefore, we have
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Where I used [dR(7)dQ = 0 to first order. Total energy change is given by
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Minimizing energy yields
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In which g is gravity acceleration constant on surface of Earth. Using this result,

we find at poles 8 = 0,
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So the difference between radius at poles and equator is equal to
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For Earth,

P
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Where T is period of rotation of Earth (T= 24 hr). Numerically,

AR = 28km

The measured value for this quantity is 21 km.
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Note that density of Earth is not really a constant and it increases more toward
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the center due to compression. Interestingly enough, by modeling density of Earth
radially changing toward the center, and knowing just one more number which is
exact moment of inertial of Earth, one can obtain AR = 22 km which is perfect
agreement with observed value. Equator itself is also not a perfect circle, and the
difference between longest and shortest radius is about 200 m.
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