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Rules: No sources (notes, texts, homework solutions, etc.) or calculators are allowed. A
few formulas are given at the end of the exam that cover all the relevant material. You may
“open” the exam only once you have committed to start taking it and are done studying.
In particular, if you are reading this on your computer/smartphone then do not proceed to
the next page unless you plan on taking the exam right now.

You have 6 hours to complete the exam, divided into two periods by a break, if you wish.
Please respect the distinction between study and exam-taking. Do all your studying before
you sit down to take the exam. And of course that means you may not study (e.g. look
things up in notes, books) during your break if you choose to take one.

You may want to first work out problems on scratch paper and then enter crystal-clear
edited solutions on the exam pages. Please do not submit your scratch paper; only work on
the exam pages will be graded.

Exams must be delivered to the staff at the Physics Department Office no later than noon,
May 20.

The Cornell Code of Academic Integrity is in effect, as always.
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1. (12 points) Consider a system of one degree of freedom and Lagrangian

L(q, q̇) =
h

τ
exp (τ q̇/q).

(a) The constants h and τ are positive; what are their units?

(b) Obtain the Hamiltonian H(q, p) for this system.
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(c) Write down Hamilton’s equations of motion for this system.

(d) In the phase space quadrant where both q and p are positive, sketch contours of
constant H and use these, and arrows, to construct the “flow” in this quadrant.

p

q
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2. (8 points) For each of the following verbal statements of Liouville’s Theorem, write
down the corresponding mathematical statement. To keep things simple, assume
the system has just one degree of freedom.

The Hamiltonian flow field has zero divergence.

The variable transformation, given by Hamiltonian evolution over time ∆t, is phase-
space-area preserving in the limit ∆t→ 0.
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3. (4 points) Consider the following Hamiltonian variable transformation:

Q = log (p/q)

P = C pq.

For which value(s) of the constant C is this a canonical transformation?
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4. (15 points) A pendulum with time-dependent massm(t) and fixed length l has Hamil-
tonian1

H(q, p, t) =
p2

2ml2
+

1

2
mgl q2.

(a) Determine the canonical transformation to new Hamiltonian variables Q and P
given by the generating function

F (q,Q, t) =
√
mqQ.

Be sure to check that your transformation is canonical.

1You need not concern yourself with the mechanism used to vary the mass. This might be done using a
hollow mass that can be filled (via a hollow rod) by gas at different pressures.
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(b) The generating function above was chosen with an eye toward removing the
time-dependence in H . However, calculate the Hamiltonian for the new vari-
ables, H̃(Q,P, t), and show that it still has some time dependence.

(c) Determine H̃ for the special case of an exponentially growing/decaying mass,

m(t) = m0e
γt,

and show that for this case H̃ indeed has no time-dependence.
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5. (18 points) A particle moving in a V-shaped potential in one dimension has Hamilto-
nian2

H(q, p) = p2 + |q|.

(a) Sketch one complete orbit of the periodic motion in the phase space diagram
below. Let H = E > 0 be the conserved energy of your orbit, and mark the
intercepts on the q and p axes in terms of E.

q

p

2The original Hamiltonian variables have been rescaled by a canonical transformation, and H has been
rescaled by a constant factor, so that in the new variables H takes this simple form, free of parameters such
as mass, etc.
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(b) Determine the action I of your orbit in (a) by computing the enclosed area and
dividing by 2π.
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(c) Express the Hamiltonian in the angle-action variables: H(q, p) = H̃(θ, I).
[Hint: Your answer to (b) tells you how E depends on I .]

(d) Using H̃ , calculate the period T of the orbit in terms of its energy E.
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6. (8 points) Over the course of the semester, the expression Iω arose in two very dif-
ferent contexts, where I and ω had very different meanings. In each case, state the
context and the definitions of these symbols, as well as the name of their product.

first context:

I:

ω:

Iω:

second context:

I:

ω:

Iω:
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7. (15 points) An electrical LC oscillator is described by the Lagrangian

1

2
LQ̇2 − 1

2
Q2/C.

L is the inductance of the solenoid, C is the capacitance of the parallel-plate capaci-
tor, and Q is the charge on one plate of the capacitor.

(a) Write down the Hamiltonian for this harmonic oscillator in terms of its angle-
action variables; be sure to define all your symbols.
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Suppose we slowly squeeze on the plates of the capacitor, thereby decreasing their
separation d. Recall that the capacitance of a parallel plate capacitor, C = κε0A/d,
depends inversely on d.

(b) Based on your angle-action Hamiltonian, how does the energy of the oscillator
depend on d, when it is changed slowly?

E ∝

(c) Based on your answer to (b), how does the maximum current imax = Q̇max

depend on d, again when d is changed slowly?

imax ∝
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8. (20 points) A two-body system has reduced mass µ and an attractive inverse-cube
potential energy. The potential function that applies to the motion of the distance r
between the bodies is therefore

U(r) =
L2
z

2µr2
− A

r3
,

where Lz is the angular momentum of the system and A > 0 is the strength of the
potential. Without loss of generality (by choice of z-axis), you may assume Lz > 0.

(a) Sketch U(r) and below your sketch explain why, for fixed Lz and positive total
energy E, there are two kinds of motion when the bodies approach each other
from infinity3.

r

U

3As in the case of the gravitational two-body problem you should not concern yourself with the fact that
the potential diverges (and is unphysical) in the limit r → 0.
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(b) For fixed E there exists a particular Lmax such that only for trajectories with
Lz < Lmax do the bodies approach r = 0. Express Lmax in terms of E and the
parameters of the system.
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(c) By considering the limit of free motion at large r, write expressions forE and Lz
in terms of µ, the relative speed v, and the impact parameter b. By eliminating
v, express Lz in terms of E, µ and b.

(d) Using your formula for Lz from (c), write the condition for trajectories to reach
r = 0 as an inequality among the impact parameter b and the energy E (in
addition to system parameters).
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(e) Sketch the trajectory (in the x, y orbital plane below) of the relative position
vector r(t) for conditions where the bodies just barely manage to reach r = 0.
Mark on the trajectory what corresponds to the impact parameter.

x

y
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Formulas

pi =
∂L

∂q̇i

H =
∑
i

piq̇i − L

dH

dt
= −∂L

∂t

q̇i =
∂H

∂pi
ṗi = −∂H

∂qi

S =

∫ t2

t1

(
N∑
i=1

piq̇i −H

)
dt

{f, g} =
∂f

∂q

∂g

∂p
− ∂g

∂q

∂f

∂p

{Q,P} = 1

Ȧ = {A,H}+
∂A

∂t

F = F (q,Q, t) p =
∂F

∂q
P = −∂F

∂Q

H̃(Q,P, t) = H(q(Q,P, t), p(Q,P, t), t) +
∂F

∂t
∂H

∂I
= ω =

2π

T

µ =
m1m2

m1 +m2

Lz = µr2θ̇

µr̈ = −dU
dr

Lz = mv∞b E =
1

2
µv2∞


