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Assignment 4 solutions
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Here we have used the relation
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as f (x1, x2) is a smooth function.
When replacing q with q̇, we obtain
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Therefore, (
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Substituting Lagrangian into the equation above, we have
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Here we have used the Euler-Lagrange equation
d
dt
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2.

Since the wheel rolls without slipping, the position vector of the mass is given by

r = (Rθ − r sin θ) x̂ + (R − r cos θ) ŷ .

We can hence write the Lagrangian as

L =
1
2

m ṙ · ṙ − mgy

=
1
2

m
[
(R − r cos θ)2 + r2 sin2 θ

]
θ̇2 − mg(R − r cos θ)

=
1
2

m(R2 + r2 − 2Rr cos θ) θ̇2 − mg(R − r cos θ).

Plugging in the Lagrangian to the equation of motion, we have

0 =
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∂θ̇
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[
mθ̇(R2 + r2 − 2Rr cos θ)

]
− mθ̇2Rr sin θ + mgr sin θ

= mθ̈(R2 + r2 − 2Rr cos θ) + mθ̇2Rr sin θ + mgr sin θ.

For small θ, we can approximate the equation of motion to

θ̈(R2 + r2 − 2Rr) = −grθ ,

which can be viewed as a simple harmonic oscillator with frequency

ω =

√
gr

R − r
.


