Equilibrium properties of the point-particle gas in three dimensions
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1. The bulk modulus is related to the energy by B = V . Substituting in E(V) = E(V;) (‘;—0) ,
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we have 3275 = (— E) (—g - 1) E(V,) Véojz P
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3. Using the result from part 1, we have v, %? Using E = —Nm(v + v + v, ) we get

2. The speed is given by

5 V5
Vs = _(UJ% + 173? + UZZ) = Vrms,
9 3
Which means § = \/?E

Displacement, density, and pressure in sound

We begin by noting that V - s being positive means there is a net displacement outwards from the
volume, meaning particles are moving out of the volume, and therefore the density in the volume
and the pressure is decreasing. This means the signs must be negative.

Furthermore, V - sis unitless, because s is a displacement, so it has units of distance, and V is a

spatial derivative and therefore has units of inverse distance. The quantity Zis also trivially
n

. . & a . . 8p . .
unitless. For the quantity Fp, we recall B = Vﬁ, which has units of p, so ?p is also unitless.

Consider a set of particles in a small volume V whose lower left corner is initially at (x, y,z), and
initially has dimensions Ax, Ay, Az. The leftmost face undergoes a displacement s, (x,y, z), and the
rightmost face undergoes a displacement s, (x + Ax, y, z). The new x coordinates of the left and
right faces are then x + s, (x,y,z) and x + Ax + s, (x + Ax, y, x), so the new dimension along x is
Ax + s, (x + Ax, y, x) — s,(x,y,2),and the change in volume due to this displacement is

AyAz(sx(x + Ax, v, x) —s,(x,y, z)) = AyAzAx (Sx(“Ax'y'ij_sx(x'y'Z)) x V%. We can repeat this

argument for the other dimensions, and find that the total change in volume is 6v =

%4 (% + —y 622) VV-s,orV-s=— Multlplymg and dividing by ép, we find V-s = lS—V op =

Tpp, and using B = —VEwe finally obtain
%
Vis=——.
B
Again consider a set of particles in a small volume VV whose lower left corner is at (x,y, z), and has

dimensions Ax, Ay, Az. As the particles undergo a displacement, the number of particles that exit
the volume crossing the left face is —n AyAzS, (x,y, z) and the number of particles that exit



crossing the right face is n AyAzS, (x + Ax,y, z). The number of particles that exit the volume by
crossing the right and left faces is then nAyAz(sx(x + Ax, y, x) —s,(x,y, z)) =

(55 e+ A2x,y,%) =5, (x,3,2))
Ax

a
find that the total number of particles that exit the volume is nV (% + ai;/_'_ %) =nV V-s.The

a . . .
nAyAzAx =~ nV %. We can repeat this argument for the other dimensions and
X

change in number of particles in the box is then AN = —nV V - s, and negative sign is because the
righthand expression is the number of particles that have exited the volume. This can be rewritten

&) _

as — T =V-s, but — |s the change in density, giving finally

on
- V .S
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Note that we could have obtained this from V - s = — as follows: én = — 8V (a )(SV =
—V%SV = —n%v = —n V- §, and dividing by —n we obtain the desired expression. In this

derivation, however, the physics represented by the equation is not as clear.

The wave equation in three dimensions

?*p | 9*p | ?*p ap dp *p 9%p . .
1. V? = — + -+ . Ifpvaries spatially only in x, == — = 0,s0 — = — = 0. With this,
p ax2 = 9y?  9z%’ p P y Y 0z dy 922 ay?
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2. Plugging p, cos(kx — wt) into ZTZ = vzg b

,the left-hand side becomes —w?p, cos(kx — wt)
and the right-hand side becomes —v2k?p, cos(kx — wt), which means w? = v2k?, or
w = vk.
Next, we note that p, cos(k - 7 — wt) = p, cos(k,x + kyy+k,z — wt). Recalling V2p =
62_p 62 + Zp
ox2  9y?  9z?
vz cos(kxx +kyy+k,z— a)t)
= —k2p, cos(k x+kyy+k,z— wt) kyp0 cos(kxx +kyy+k,z — wt)
— k2py cos(kyx + kyy + k,z — wt)
= —(k2 + k2 + k2)p, cos(kyx + kyy + k,z — wt)
=—k-kp, COS(kxX +kyy+k,z— a)t)
The second derivative with respect to time is —w?p, cos(k - r — wt), which means
vik- -k = v?|k|? = o2
3. The fact that the medium is isotropic implies rotational symmetry, meaning that the
equation should remain unchanged by rewriting it in terms of coordinates rotated relative to

the initial ones. In particular, changing x —» y,y = z,z — x should leave the equation
2
unchanged, which is true for i v2V?p.

we see

ot 2
2 2
4. Inthis case V2p = =2+ 6— = —kZpoe Y cos(k,x — wt) + kipye Y cos(k,x — wt) =
2
—(k2 - k2)poe™ kyy cos(k x — wt), and ﬁ = —w?pye *vY cos(k,x — wt).This means

v2(k2 - k2) = w?



Sound modes in an organ pipe

1.

At the x = 0 the pipe is closed by a solid barrier, so there is no displacement there. The
boundary condition is therefore

s(0,t) = 0.
Recall that Ap « Z—i, so atx = L, we have
ds
—(L,t) =0.
dx
The normal modes will be of the form A cos(wt) sin(kx), because sin(k0) = 0, as required
by the boundary conditions. The second boundary condition pg—i (L,t) < cos(kL) =0

. . 2nL 1 2L . . . . .
implies kL = - - (n + ;) T,0rl= T In air, sound has a linear dispersion relation, so
nt

. . Vg (n"’%) . . Vg ”+%
w = vgk which gives f = LTV Solving for L we obtain L = s 2" For the lowest

mode, n = 0, so

Vg 340

[ =—= m = 0.19 m.
4f 4 -440

(n+3)

where we’ve used f, to refer to the lowest mode, we

N _ Vs . _
Substituting L = o into f = v, oL

getf = 2f, (n + %) For the next lowest, n = 1, we have

1
fi = 2f, (1 +§) = 3f, = 1320 Hz.



