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Assignment 8
Due date: Halloween'

Charged particle motion from the action principle

In this problem we treat the electromagnetic field as given (produced by an external
agent) and study its effect on the motion of a relativistic particle of mass m and charge
q. The converse, or electromagnetic field produced by a given charged-particle world
line, gets equal treatment in the second problem.

So as to not confuse a general event x in space-time with the particle world-line, we
use the notation &(t) for the latter, where ¢ is an arbitrary parameter (not necessar-
ily time). Consider the following definition of the 4-current density in space-time
associated with the particle:

7(a) =a [ (Caty(0) 8 - €(0),
where
dr = Ldt = \/ €€, dt

is the proper-time element and u® = £° /L is the 4-velocity.

1. Confirm that this geometrical definition matches the usual definition of the 4-
current density by choosing time ¢ = z° as the arbitrary parameter and explicitly
evaluating the integral. Specifically, show that

J(tx) = p(t,x) =q0’(x — (1))
J(t.x) = qv(t)0°(x — &(1)).

2. Return to the integral expression for J(x) without the specialization ¢ = time.
Show that

Slé] = / 0z J°(2) Au(z) = q / 0t €2(t) Ao (€(1)).

Here Siy is the term in the action that couples the particle to the electromagnetic
field.

!'As a special “treat”, we set ¢ = 1 in this assignment.
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3. Obtain the equations of motion for the particle from the combined action,

S[S] == Sfree[g] + Sint[€]7

where

Sheolé] = m / Lt

is the action of the free particle (derived in lecture) with a particular choice of
scale factor. Specifically, show that the Euler-Lagrange equations imply

mi®(t) = ¢ F**(£(1)) (). (1)

4. Again using time as the parameter, express the four components of the equations
of motion (1) in terms of E and B, and the components

mu® = (€,p)
& = (1,v).

Field produced by a relativistic charged particle

Consider a particle of charge ¢ described by a general world-line £(7), parameterized
by the proper time 7 elapsed along the world-line. In lecture we derive the formula?

d )
aaAB([L‘):( q )_ (y w )

y-u/)dr \y-u
for the gradient of the 4-vector potential produced by the particle. As in lecture, u(7)
is the particle 4-velocity and y(7) = = — £(7) is the 4-vector separation between z

and events along the world line. At the parameter value 7 = 7, the separation y is
null and the source £(7y) lies on the past light-cone of x.

T=To

1. From the above formula for 9*A? obtain F'*? and show that

q (RaO—Ra+Ru0—Ru(1_y a))
Y- u Y- u (y - u)?
B = nxE.

E =

Here (a°,a) = du®/dr are the components of the 4-acceleration and the null
separation 4-vector is expressed in terms of a distance R and unit 3-vector as
y* = (R,R) = (R, Rn).

24-vector dot products, such as y - u, are shorthand for y7u.,.
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2. Rewrite the expression for E in terms of the ordinary 3-velocity 3, the 3-

acceleration 8 = dB/dt, v = 1/+/1 — 2 and arrive at:

q G i x (h—B)x g
(vyR)? (1-1-p) (I1-n-B8)%

Exercise from The Lost Jackson Codex, Vol. XIV

E =

q
3+}_g

=

For any field point x not on the world-line £(¢) of a (non-tachyonic) particle, show

that there is a unique ¢, and y(ty) = x — &(to) such that y(to) - y(tp) = 0 and
0

y-(to) > 0.



